ON CM ABELIAN VARIETIES OVER 
IMAGINARY QUADRATIC FIELDS 

ToNGHAi Yang 

Abstract. In this paper, we associate canonically to every imaginary quadratic 
field K = Q{\/—D) one or two isogenous classes of CM abelian varieties over 
K, depending on whether D is odd or even (D ^ 4). These abelian varieties 
are characterized as of smallest dimension and smallest conductor, and such that 
the abelian varieties themselves descend to Q. When D is odd or divisible by 8, 
they are the 'canonical' ones first studied by Gross and Rohrlich. We prove that 
these abelian varieties have the striking property that the vanishing order of their 
L-function at the center is dictated by the root number of the associated Hecke 
character. We also prove that the smallest dimension of a CM abelian variety 
over K is exactly the ideal class number of K and classify when a CM abelian 
variety over K has the smallest dimension. 



0. Introduction. The paper is motivated by two basic questions related to 



an imaginary quadratic field K = Q(v — L>) with fundamental discriminant —D 
and abelian varieties over K with complex multiplications (CM). It is well-known 
that there is a CM elliptic curve over K if and only if K has ideal class number 1. 
what is then the smallest dimension of a CM abelian variety over K in general? 
We prove that the smallest dimension is exactly the ideal class number h of K 
(Theorem 3.1). We also classify the CM abelian varieties over K of dimension 
h in terms of its associated algebraic Hecke character (Theorems 3.4 and 3.5) 
in section 3. It turns out that it only depends on the restriction of the Hecke 
character on the principal ideals. To be more precise, let [A, i) be a CM abelian 
variety over K of CM type (T, $), and let x be the associated algebraic Hecke 
character of K of conductor f, then 

(0.1) x{aOK) = e{a)a 

for some odd character e : (Ox/f)* — ^ C*. We will prove in section 3 
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Theorem 0.1. Let the notation be as above, and let h be the ideal class number 
of K . Then 

(1) (Theorem 3.1) one has /i|dimA. 

(2) (Theorem 3.5) The equality dim A = h holds if and only if one of the 
following holds. 

(a) € is quadratic, 

(b) 3\D and e is of order 6, there is a & K* such that 3q;^ is prime to f 
and e(3a^) — —1, or 

(c) A\D and e is of order 4 or 12, there is a & K* such that 2a^ is prime 
to f and e{2a'^) = ±i. 

In such a case, A is a scalar restriction of a CM elliptic curve over the Hilbert 
class field H of K if and only if Im{e) C (Proposition 2.2). 

In view of the theorem, it is nature to ask whether and how one can associate 
'canonicaUy' a 'nice' CM abehan variety over K of dimension h to an imaginary 
quadratic field K. When D is odd or 8\\D, this can be done by means of the 
scalar restriction of certain 'canonical' CM elliptic curves over H, according to 
Gross ([Gr]) when D is an odd prime and Rohrlich ([Ro2-4]) in general. These 
CM abelian varieties descend to varieties over Q and have bad reductions exactly 
at p\D. Indeed, according to Rohrlich ([Ro2-4]), a Hecke characters x of K of 
conductor f is called canonical if it satisfies the following three conditions: 

(0.2) x(a) = x(a) for all ideals a of K prime to f; 

(0.3) The character e in (0.1) is quadratic; 

(0.4) The conductor f is divisible only primes ramified in K/Q. 

If X is a canonical Hecke character of K, so is x^ for every ideal class char- 
acter (p of K or x'^ foi' every a G G3l{Q/K) with the same e. They form the 
same family and gives rise to the same CM abelian variety A over K up to 
isogeny (different characters correspond to different embeddings i and different 
CM types). The condition (0.2) implies that A descends to an abelian variety 
over Q, and (0.3) implies that A is a scalar restriction of some CM elliptic curve 
over H. (0.2) and (0.4) imply that A has bad reduction exactly at primes divid- 
ing DOk- One of the most striking properties of the canonical Hecke characters 
(or 'canonical CM abelian varieties') is 

(0.5) ord,.iL(s,x) = ^^^|^ 

where Vr(x) is the root number of x- 

However, a canonical CM abelian variety over K exists if and only if D is odd 
or is divisible by 8, according to Rohrlich ([Ro2]). When D is odd, it is unique up 
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to isogeny, and the associated e is given by {Ok / ^/ —D)* — (Z/D)* — > {=tl}- 
The associated canonical Hecke characters have root number (j))- When S\\D, 
there are two canonical CM abelian varieties over K up to isogeny, the associated 
e are given by 

e = 626^ : {Ok/pIT X {Ok/V^iY {±1}- 

Here p2 is the prime ideal of K above 2, and €2 is a nontrivial quadratic char- 
acter of {Ok /P2)* (two choices), and e° = {^) is the quadratic character of 
{OkI\/^^\)* = "L/DiY and Di = D/8. The associated canonical Hecke char- 
acters have the root number W{x) = e(l + y^—D/A). What about 4||Z)? We 
will prove in section 4 the following theorem. 

Theorem 0.2. Let K = Q{-\/—D) be a quadratic imaginary quadratic field with 
fundamental discriminant —D, and let 

^ ^ f 1 if D is odd or D = 4, 
n{D) = < 

[2 if D > A is even. 

Then there are exactly n{D) CM abelian varieties A over K of dimension h, up 
to isogeny, such that the abelian variety itself (not the complex m,ultiplications) 
descends to an abelian variety over Q and has the smallest possible conductor. 
Moreover, then D is odd or 8||Z), they are the canonical CM abelian varieties 
discussed above. 

We call the CM abelian varieties defined in Theorem 0.2 the simplest CM 
abelian varieties over K. In sections 5, we compute the root numbers of cor- 
responding simplest Hcckc characters and prove in sections 6 and 7 that the 
amazing formula (0.5) holds for all simplest Hecke characters of which we 
record here as 

Theorem 0.3. Let x be a simplest Hecke character of K = Q{\/—D). Then 
(0.5) holds. 

This theorem, combining with the Gross-Zagier, and a deep result of Rubin 
and/or Kolyvagin, implies that the simplest CM abelian varieties A over K has 
always finite Shafarevich-Tate group over K and has the Mordell-Weil rank 
or 2h over K depending on whether the root number of the associated simplest 
Hecke characters have root number or —1. The exceptional case D = 4 is 
due to the fact that i e Q(v^). 

For simplicity, we sometimes miss out the CM type of CM abelian varieties 
in this paper. This does no harm since the arithmetic or L-function of a CM 
abelian variety does not depend on the choices of the CM types, see Remark 
1.2. In section 1, We review the basic relation between CM abelian varieties 
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and the algebraic Hecke characters. In section 2, we study the relation between 
the scalar restriction of CM elliptic curves over the Hilbert class field of K and 
/i- dimensional CM abelian varieties over K. In particular, we prove (Proposition 
2.2) that a CM abelian variety over K of dimension his o. scalar restriction of a 
CM elliptic curve over H if and only if its Hecke character has values in K on 
principal ideals. 

Acknowledgement This work was inspired by David Rohrlich's work on 
canonical Hecke characters and my joint work with Stephen D. Miller on the 
same subject. The author thank both of them for their inspirations. The author 
thanks Dick Gross, Stephen Kudla, Ken Ribet, and David Rohrlich for stimulus 
discussions. Part of the work was done while the author visited the Department 
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1. CM abelian varieties and algebraic Hecke characters- 
Let K be a number field. Then a type of K is a formal sum $ = X^o-jst^c "^f^^ 
with e Z. If L is a finite extension of K , one can extend $ to a type of 
L via 

A type $ is called simple if it can not be extended from a proper subfield. When 
K is Galois over Q, embeddings of K into C are elements of the Galois group 
Gal(K/Q). In this case, one defines its reflex type 

In general, given a type (K, $), its reflex type (K', $') is defined as follows. 
Firstly, K' is the subfield of C generated by aU a* = U^ict)''", a e K*. 
Secondly, let L be a finite Galois extension of Q containing both K and K', 
extend $ to $l- It is then a standard fact that there is a unique type of K' 
such that its extension to L is 

This $' is independent of the choice of L and is called the reflex type of $. 

An algebraic Hecke character of K of inflnite type $ and modulus f (an 
integral ideal) is a group homomorphism 

X ■■ m c* 

such that for every a = 1 mod *f 
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Here /(f) denotes the group of fractional ideals of K prime to f, and a=l mod *f 
means 

ord„(Q: — 1) > ord^f if ord^,f > 0, 

and a{a) > for every real embedding a of K. The Dirichlet unit theorem 
implies that there is an algebraic Hecke character of K of infinite type $ if 
and only if — + np^- is independent of the choice of u, where p is the 

complex conjugation of C. In such a case, ^ is called a Serre type of weight 
w{^). Notice that the subfield Q(x) of C generated by x(fi)) ^ ^ -^(f); is a 
number field containing the reflex field K' of (K, $). We say x has values in T 
ifQ(x)cT. 

When is a CM number field, i.e., a quadratic totally imaginary extension of 
a totally real number field, a type $ of K is a CM type if no- > and ria+npa- — 1 
for every complex embedding cr of K. In this case, $ is often identified with the 
set of embeddings {a : = 1}. In general, any extension of a CM type just 
defined is also called a CM type. 

An abelian variety A defined over a subfield L of C is said to be a CM abelian 
variety over L if there is a number field K of degree [/C : Q] = 2dim^ = 2d 
together with an embedding 

i:K^ End^A = Endi,A ® Q. 

In such a case, K acts on the differentials ^a/c diagonally via d embeddings $ = 
{01, • • • , there is a basis uji for Q.A/C such that for every a e i~^{Yjiid.LA) 

i{a)*{oJi) = (j)i{a)u;i. 

We will identify $ with the formal sum '^^^^ (p- We usually call {A, i) is of CM 
type (K, $). It is a fact ([Sh2, Theorem 1, Page 40]) that the two seemingly 
different definitions of CM types are the same. We remark that the CM type of 
{A, i) depends on z, A can have different CM types if one allows i change. For 
example, let A = E"^ be the square of a CM elliptic curve i? by a quadratic field 
K. Then End'^A = M2{K), and any quadratic field extension of embedded 
into M2{K), gives rise to CM type of A. 

The following theorem summarizes the basic relation between CM abelian 
varieties and algebraic Hecke characters. 

Theorem 1.1. Let K C C be a number field, and let (T, $) be a CM type and 
(T',$') be its reflex type. Assume T' C K. 

(1) (Shimura-Taniyama) If (A, i) is a CM abelian variety over K of CM 
type (T, $), then there is a (unique) algebraic Hecke character x of K of infinite 
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type $^ such that i(x(p)) reduces to the Frohenius endomorphism of A modulo 
p for every prime ideal p where A has good reduction. In particular, 

L{s,A/K)= n Li^^x")- 

Here = ° X- ^aZ/ x ^he associated (algebraic) Hecke character of {A,i) 
or simply A. 

(2) (Casselman) Conversely, if x is an algebraic Hecke character of K of 
infinite type valued in T, then there is a CM ahelian variety {A, i) over K of 
CM type (T, $) , unique up to isogeny, such that the associated Hecke character 
of (A, i) is X- We call {A, i) or simply A an associated ahelian variety of x- 

(3) Let he a CM ahelian variety over K of CM type (T, $) and let x 
be the associated Hecke character of K. Then the following are equivalent. 

(a) The CM ahelian variety A is simple over K . 

(h) T = Q(x). 

Proof. For (1), see for example [Sh2, Theorems 19.8 and 19.11]. For (2), see for 
example [Sli2, Theorem 21.4]. If A is not simple, then A, is isogenous to for 
some simple abelian variety B over K, and S is a CM abelian variety of some 
CM type (Ti, $i). In this case, xa = j ° Xb, where j is an embedding of Ti to 
T. So Q{xa) cTiy^T. Conversely, if Ti = Q{xa) T, let be a CM 

abelian variety over K of CM type (Ti, $i) associated to xa-, where $i — $|ti- 
Then {B\ z'^) is of CM type (T, $) for some i'^ where r = [T : Ti]. So (A, i^) 
and {B'^,i'^) have the same CM type and the same Hecke character, and thus 
are JC-isogenous to each other. A is thus not simple over K. This proves (3) 

Remark 1.2. If {A,i) is a CM abelian variety of CM type (T, $), with algebraic 
Hecke character x, then (A, ioa~^) is of type (T'^, $oa"~^), with algebraic Hecke 
character x'^ • When A is simple over K, (T*^, ^oa~^) and ioa~^ are all possible 
CM types and embeddings. In particular, the arithmetic and L-function of A 
over K do not depend on particular choices of the CM types or the embeddings. 
the abelian variety A is in correspondence with the family of algebraic Hecke 
characters {x" '■ o G Aut(C/Q)}. If one wants to leave the infinite type of 
X unchanged, one needs to require cr e Aut(C/iir") where K" is the reflex field 
of 

2. CM abelian varieties over a quadratic field and Scalar restriction 
of CM elliptic curves. 

From now on. Let K = Q{\/—D) be an imaginary quadratic field with 
fundamental discriminant —D, let H be the Hilbert class field of K, and let 
h = [H : K] he the ideal class number of K. Let £" be a CM elliptic curve 
over H of CM type {K, id) , where id is the prefixed complex embedding of K 
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such that Im{\/—D) > 0. Let xe be the algebraic Hecke character of H asso- 
ciated to E, with vahies in K. It is interesting to study the scalar restriction 
B — Kesu/RE, which is an abelian variety over K such that B{R) = E{H®kR) 
for every K-algebra R. In order for 5 to be a CM abelian variety over K, E has 
to be a iT-curve, in the sense that every Galois conjugate E'^ for a e GaX{H/ K) 
is if-isogenous to E. But this condition is not sufficient in general. We refer 
to [Gr] and [Na] for results and references in this direction. In terms of Hecke 
characters, we have 

Proposition 2.1. Let the notation he as above. Then B = ResH/RE is a CM 
abelian variety over K if and only if there is an algebraic Hecke character x of 
K such that xe = X° ^h/r- 

Proof. If {B,iB) is CM of type (T, $), then ^ = {a : T ^ C : a\R = id }. Let 
Xb be the associated algebraic Hecke character of K associated to B. We have 
to verify xe — Xb ° N^/r- They have the same type. So it suffices to prove 
that for a prime ideal ^ oi H where E has good reduction, one has 

XEm=XB{NH/Rm)=XB{py 

where p is the prime ideal of K below *P and / = [Oh/^ ■ Or/p]. By [Gr, 
Lemma 15.1.6], 

EndxS= B.omH{E'^,E)a. 

a€ Gal(H/R) 

Let Fr{a) be the Frobenuius map from E'^ to E, then Fr = Yl,Er{a)a is the 
Frobenuius of S, and thus it is equal to Xb{p) acting on B. On the other hand, 

= 1, Fr{a) is the Frobenuius of independent of the choice of cr, and it is 
thus equal to Xe{^) acting on E. So we have Xe{^) = X-b(p)-^ as desired. 

Conversely, ii xa = X ° ^h/r for some algebraic Hecke character x of K, 
then xi'^^K) £ K* since every principal ideal of -ftT is a norm from H. Let 
T{x = Q(x) and be the set of complex embeddings of T extending the 

fixed embedding of K. Let A{x) be a CM abelian variety over K of CM type 
of (T, $) associated to x- For every cr e $, x'^X~^ is trivial on principal ideals 
and thus an ideal class character. So 

{x*^ : cr e $} C 1x4^ : is an ideal class character of K}. 

It will be proved in Theorem 3.1 that > h. So the above relation is in fact 
an equality. This implies L(s, xe) = rio-e* -^(*' ^bus B is isogenous to 

Mx)- 

According to [Sh2, Theorem 19.13], the condition Xe = X ° -^h/k is also 
equivalent to that K{Etor) is the maximal abelian extension of K. 
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Proposition 2.2. Let [A, i) he a simple CM ahelian variety over K of CM type 
(T, $). Let xa be the associated algebraic Hecke character of K with values in 
T . Then the following are equivalent. 

(1) There is a CM elliptic curve E over H such that A is isogenous to the 
scalar restriction of E from H to K. 

(2) One has Xa{c(Ok) G K* for every principal ideal of K prime to the 
conductor of xa ■ 

Proof. (1) =^ (2). The assumption (1) asserts that xh — Xa ° Njj/^- By the 
global class field theory, every ideal aOx is a norm of some ideal 21 of H. So 
XA{aOK)=XEmeK*. 

(2) =^ (1). Let X = Xa ° Nh/^- By the global class field theory again, 
Nh/k{^) is a principal ideal of K for every ideal 21 of H. So 

xm = xA{NH/Km^K\ 

and thus x is an algebraic character of H with values in K. Therefore there is 
a CM elliptic curve E over H whose associated algebraic Hecke character is %. 
One has 

L{s,E/H) = L{s,x)L{s,x) = IIl{s,xacI>)L{s,^). 

Here the product runs over all ideal class characters (p of K. On the other hand, 
since A is simple, one has T = K{xa) is generated by xa over K. So one has 
by assumption (2) 

{X^ : ^ e $} = {x^ : e Aut(C/i^)} 

= {xa0 : is an ideal class character of K}. 

So L{s,A/K) = L{s,E/H) = L{s,ResH/KE). So A is isogenous to Rbsh/kE, 
proving (1). 

3. CM abelian varieties over a quadratic imaginary field of smallest 
dimension. 

Let K = Q{\^—D) be again a quadratic imaginary field of fundamental dis- 
criminant —D. Let (A, i) be a CM abelian variety over K of type (T, $), and let 
X = Xa be the associated algebraic Hecke character of K of conductor f . Then 
there is a character e of (C/f)* such that 

(3.1) x{oiO) = e{a)a 

for every principal ideal of K prime to f. Obviously e{a) = for every unit 
a in K. In particular e(— 1) = —1. 

Let K{x) be the subfield of C generated by all x(ci) over K, a E /(f). Then 
K{x) C T, and K{x) = T if and only if A is simple. 
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Theorem 3.1. Let {A,i) be a CM abelian variety over K of type (T, $). Then 
h\ dim A. 

When dim^ = 1, this gives the well-known fact that in order to have a 
CM elliptic curve over a quadratic imaginary field, the field has to have ideal 
class number 1. The simple reason is the fact that the j'-invariant generates the 
Hilbert class field. 

Proof. We may assume that A is simple and thus T = K{x)- For any number 
field F, let be the group of roots of unity in F, and let wp = #A*(-^)- 

Choose an integer n > such that wrln and x(a") G K* for every a G /(f). 
Then 

e : /(f)/P(f) K*/K*^, [a] ^ x(a")^*" 

is a well-defined map and is injective. Indeed, for any principal ideal aO G -P(f), 
one has 

x(q;C>)" = = a" G K*", 

which implies that 9 is well-defined. On the other hand, if x(a"^) = for some 
a G -ftT. Then a" and a" generates the same ideal in K, so are a and a. Therefore 
9 is injective! Clearly, the image of 9 is in the kernel of the natural map 

K* I K*^ > T* I'j^*^ 

So one has h\\T : K] by [Rol, Proposition 1] . 

The rest of this section is to determine all CM abelian varieties over K of the 
smallest possible dimension h. For this purpose, we assume D > 4 and fix an 
odd character 

(3.2) e : (O^/f)* C*, e(-l) = -1. 

Let X be an algebraic Hecke character of K satisfying (3.1), and let T = K{x)i 
and 

$ = {(T : T C : a\K = id}. 

Let A = A{x) be the associated simple CM abelian variety over K of type (T, $). 
Let L — K(e) be the subfield of T generated by e over K. Let 

-ff(f) = {a G /(f) : is principal }. 

Then //(f) /P(f) is the genus ideal class group of K and has order 2^, where r + 1 
is the number of prime factors of D. Let Tg be the subfield of T generated by 
x(a), a G //(o). We have 

(3.3) K cLcTgCT. 
The same proof as in [Rol, Theorem 2] yields 
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Proposition 3.2. (1) One has 

{X":ae Gal{Q/Tg)} 

= {x'^ : (7 is a complex embedding of T which is trivial on Tg} 

= {x</> : (f) is an ideal class character trivial on the genus subgroup}. 

(2) [T : K] = 2~'^h[Tg : K] depends only on the effect of x on ideals whose 
square is principal, where r + 1 is the number of prime factors of D. 

(3) fiT C Tg. 

Proof. (1) The first identity is clear. For a complex embedding o" of T fixing Tg, 
(/) = is obviously an ideal class character trivial on the genus subgroup. 

So it suffices to prove #/(f)/iy(f) < [T : Tg] for the second equality. Let 
F = Tginr), and 

e : /(f) — > FyF*"", a ^ x{a")F*''. 

Here n again satisfies ^fixl^ and x(a)"^ G K* for every ideal o of K. Then its 
image is in the kernel of the natural map F* / F*^ — > 2^*y2^*n^ g^^^j thus has 
order dividing [T : F] by [Rol, Proposition 1]. Next, define 

: ker ^ ^ K*/K*'', a ^ x{(^'')K*''. 

Then its image is in the kernel of the natural map K*/K*'^ — > p*^p*n^ Since 
F is an abelian extension of K, [Rol, Proposition 2] implies that for any a G ker 9 

So a? is principal, and thus ker^ C H{f). This proves 

(3.4) #/(f)/iy(f) < Im(^) <[T:F]<[T: Tg]. 

This proves the second identity of (1), and that the inequalities in (3.4) are all 
equalities. In particular, 

[T : Tg] = #/(f)/if(f) = 2-'h, 
which proves claim (2). One has also F = Tg, which gives claim (3). 
Lemma 3.3. Let, for any prime p, 

(3.4) A*p(^) = {a; e /m(e) : =1 for some n > 0}. 

Then there is a root of unity Cp e A*2(e) for each prime number p\D such 
that Tg = L{^Cpp,p\D). Moreover, if ^ is a generator of fi2i^), then Tg C 

l{V^,Vp^p\d). 
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Proof. Let pi be the prime ideal of K above /, for every l\D, then p; has order 2 
in the ideal class group of K and generate the genus class group of K. For each 
l\D, choose dp G K* so that = aipi is relatively prime to f. Then generate 
H{f)/P{f). Now 



= aflO and xi<^i) = ±^ e{afl)lai e Tg 



So 
(3.5) 



Obviously, e(Q;^Z) can be replaced by a root of unity q G A*2(e)- Since Tg is 
generated by xi'^l) over L, we have 



L{^cil,l\D)^Tg. 

Since ^/ci E L(V?), one has thus Tg C L{^/^, V/, l\D). This proves the lemma. 

Theorem 3.4. Let e 6e an odd character given by (3.2). Let x 6e a Hecke 
character of K satisfying (3.1), and let T — K{x)- 

(1) If[T :K]^h, then 



(3.6) 



Im{e) C 



r f^2 


if{6,D) 








if2\D, 




if6\D. 



(2) Conversely, assume that e satisfies (3.6), then \T : K] = h or 2h, with 
[T : K] = h if and only if ^ Tg . Here ^ is a generator of /i2 (e) • 

(3) Whether [T : K] = h (equivalently dimA(x) = h) or not depends only 
on e, i.e., the restriction of x on principal ideals. 



Proof. By Proposition 3.2, [T : K] = h \i and only if \Tg 
Hg = K{^/p*,p\D) be the genus class field of K, where 



K] 



Let 



P 



(-l)^p ifp^2, 



-D 



ifp = 2. 



Notice that [Hg : K] = 2'^, where r + 1 is the number of prime factors of D. 
Since 

[L{y/^,VP,P\D)-Tg] = lor 2 
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by Lemma 3.3, and 

[K{^,^,p\D):Hg]>2, 

one has 

[T,:K]>^[L{^,^,p\D):K] 

= 2'-'[L{^,^,p\D) : K{y/^,^,p\D)][K{y/l,^,p\D) : Hg] 
> 2lL(Ve, y/^,p\D) : y/^,p\D)]. 

So [Tg : K] > 2'', and [Tg : iiT] = 2^ if and only if the following three conditions 
hold. 

(3.7) ^ Tg, 

(3.8) L{^,^,p\D) = K{^,^,p\D), 

(3.9) [K{y^,V±P,p\D) : K(Vp^,p|L»)] = 2. 

It is easy to see from (3.9) that ^ has at most order 4, which occurs only when 
4\D. (3.8) implies then that L{^/^, y^,p\D) C K{^/^,^/2, y^,p\D) contains 
at most H24- So fj,T = A*Tg C by (3.7). A slightly more careful inspection 
shows (3.6). 

Now assume that (3.6) is satisfied. Then L C Hg except for two cases: D = 8 
when e has order 4, and D = 24 when e has order 12. So except for the two 
cases one has 

[L{^/l,VP.P\D) : Hg] = [Hg{^0 : Hg] = 2. 

Thus [Tg : = 2^ or 2^+^. Moreover [Tg : = 2^ if and only if ^ ^ Tg. 

This proves (2) except for the two exceptional cases. In the exceptional cases, 
Tp = L has degree 2h over K, and G T^, the claim still holds. Finally, since 
ci = €{afl) up to a square in L* , Tg is determined by e, thanks to Lemma 3.3. 
Now (3) follows from (2). 

Theorem 3.5. Let the notation be as in Theorem 3.4, and assume that e sat- 
isfies (3.6). Let A{x) be the CM abelian variety over K associated to x- 

(1) If = 1, then dimA(x) = h, and A{x) is isogenous to the scalar 
restriction of a CM elliptic curve E over H, the Hilbert class field of K . 

(2) If e has order 4, then dim.A{x) — h if and only if 4\D, D ^ 8, and for 
some (and every) element 0:2 G K* such that 2a\ is prime to f, one has e(2Q:|) 
is of order 4. 

(3) If e has order 6, then dim^(x) = h if and only if?t\D, and for some 
(and every) element e K* such that ?ta\ is prime to f and €(30:3) is of order 
2 or 6. 
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(4) If ^ has order 12, then dimA(x) = h if and only if 12\D, and for some 
(and every) element a2, € K* such that prime to f and e(2Q;|) is of order 4 
or 12. 

Clearly, in cases (2)- (4) with D > 4, ^(x) is not a scalar restriction of any- 
elliptic curve when its dimension is h. 

Proof of Theorem 3.5. (1) follows from Proposition 2.2. For (2), notice first that 
//2(e) is generated by i and that 4|D is necessary by Theorem 3.4(1). Assume 
thus 4\D. Ife{2al) = ±1, then y/±2 = y/e{2al)2 e Tg and thus Cs = 75(1+^) ^ 
Tg. This implies dim^(x) = [T : K] = 2h by Theorem 3.4(2). If e{2al) = ±i, 
then y/e{2al)2 = y/±2i = ±(1 ± z), and so 

Tg = (z, ^Jel{la1% 2^l\D). 

Here ai e K* are such that a/ = piai is prime to f as in the proof of Lemma 
3.3. Since 

'If 

is principal, one has 

(3.10) n = ±n«r'x(n ^^i) ^ 

'If ' 'If 

This implies that ^J ei{la'i)l , 2 ^ l\D have a relation over L, and thus [Tg : K] = 
2^ So [T: K] = h. 

For (3), notice first that 3\D is necessary and ^2(e) = {il}- Notice also 
L = K{e) = K{^/^3). If e(3a3) = 1 (up to a cubic root of unity), then \^ G Tg 
by Lemma 3.3, and thus i — G Tg. This implies dim74(x) = 2h by Theorem 
3.4(2). If so VS can not be in Tg. If e(3ct3) = —1 (up to a cubic root of unity), 
then y^7(3o^jS = -\/— 3 G L. Then same argument as in (2) (in particular (3.10)) 
shows [Tg : = 2'" and thus dim^(x) = h. 

For (4), there is /? G prime to D such that e(/?) and e(/3^) has order 3. 
Let 0^2 G K* be such that 20^ is prime to D. Then e(2Q;|) has order 4 if and 
only if e{2a20^) has order 12. The rest is similar to (2) and left to the reader. 

Corollary 3.6. When (6, D) = 1, every CM abelian variety over K of dimen- 
sion h is K-isogenous to a scalar restriction of a CM elliptic curve over H. 
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Example 3.7. Assume that 4\D and D > 4. Let p = 1 mod 4 be a prime 
number split or ramified in K = Q{\/—D). Let p be a prime ideal of K above 
p. Let ep be a surjective character 

ep : {Ok/pT = {Z/pY //4 

so that a given generator g of (Z/p)* maps to i. Then 

ep(-l) = -1 <^ p = 5 mod 8 €^(2) = ±i. 

Let / = YipP be the product of finitely many such prime numbers p = 1 mod 4, 
and let f be an integral ideal of K whose norm is /. Let e = Yip ^ind assume 
that e(— 1) = —1, i.e., odd number of p's are congruent 5 modulo 8. Then 
e(2) = ±i by the above equivalence. So any CM abelian variety over K of type 
e has dimension h by Theorem 3.5(2). On the other hand, let g = 3 mod 4 be a 
prime split or ramified in K and let q be a prime above q. Let 

6; : {OK/qr = i^/qy — {±1} 

be such that e'^in) = (^) for an integer n prime to q. Then eg(— 1) = —1. Now 
let /' = fq with / being as above but with even number of primes p = 5 mod 8. 
Let e' = ee^, then e'(— 1) = —1 is odd and e'(2) = ± — 1. So any CM abelian 
variety over K of type e has dimension 2h. 

Example 3.8. Similarly, assume that 3\D, and D > 3. Let p = 1 mod 3 be an 
odd prime number split or ramified in K and let be a surjective character 

ep : {Ok/pT = {Z/pY //e- 

Then 

ep(— 1) = —1 4^ p = 7 mod 12 <(=^ 3 is a square modulo p. 

Let / = YlpP be a product of odd primes p = 1 mod 3 split or ramified in 
K and let f be an ideal of K whose norm is /. Let e = J^^ and assume 
that e(— 1) = —1, i.e., there are odd number of prime divisors of / satisfying 
p= 7 mod 12. Then e(3) is of order 2 or 6. So any CM abelian variety over K 
of type e is of dimension h. On the other hand, if we let g = — 1 mod 12 and 
be as in Example 3.7. Let / and e be as above but with e(— 1) = 1, then e' = ee^ 
is odd and any CM abelian variety over K of type e' is of dimension 2h. 

Example 3.9. Similarly, assume 12\D. Let p = 1 mod 12 be a prime number 
split or ramified in K. Let be a surjective character 

ep : {Ok/pT = {^/pT f^i2. 

Define / and e the same way as in Example 3.7. If e(— 1) = —1, then any CM 
abelian variety over K of type e is of dimension h. if e( — 1) = 1, let g and be 
as in Example 3.7. Then any CM abelian variety over K of type e' = ee^ is of 
dimension 2h. 
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4. Descent to Q. 

Let X be a Hecke character of K satisfying (3.1) and let A{x) be an associated 
abelian variety over K of CM type (T, $) with T = Q(x) and $ being the set of 
complex embeddings of T which are the identity on K. If A[x) descends to an 
abelian variety over Q, then (0.2) holds. For convenience, we repeat it here as 

(4.1) X(a)=3^ 

for every ideal of K prime to the conductor f of x- Conversely, the proof of [Shi, 
Proposition 5, Page 521] gives 

Lemma 4.1. Let x be a Hecke character of K satisfying (3.1) and (4.1). Then 
there is a CM abelian variety (A, i) over K of CM type (T, $) associated to x 
such that (A, iy+) is actually defined over Q. Here T = Q{x)> ^ the set 
of embeddings of T which is the identity on K, is the maximal totally real 
subfield of T and 1^+ is the restriction of i on . 

Proof. Choose 5 e T* such that 5 = —S. Then there is, by [Shi, Theorem 
6, Page 512], a structure {A,C,i) of type {T,^,Ot,S) rational over K which 
determines x- Here C is a polarization of A. We refer to [Shi, Page 509] for the 
meaning of type (T, Ot, S). Let p be the complex conjugation of C, restricting 
to T or K. Then [Shi, Lemma 3, Page 520] asserts that {AP,CP,i*) is of the 
same type (T, $,Ct,5), where ^*(a) = i{aP)P. So there is an isomorphism /j, 
from {A,C,i) to {AP,CP,i*) over C. On the other hand, (4.1) implies that they 
determine the same Hecke character x by [Shi, Proposition 1, Page 511], and 
thus any isogeny between the two structures is defined over K. In particular, 
the isomorphism /x is defined over K. Let 

a; : Tk = T (8)Q R — >A 

be an homomorphism defining (A, C, i) as of type (T, $, Ot, 5), and let uj'{u) = 
Lo{u)P. Then uj' is an homomorphism from Tr to A^ by [Shi, Lemma 3, Page 
520], and can be chosen so that p' = pouj. So 

u{u) = u;'{u)P = At^(a;()^) = //V(a;(«)) 

and thus i^P/j, — 1. By the descent theory, {A,C,ix+) can thus be descended to 
Q. 

By [Ro2, Proposition 1], the condition (4.1) is equivalent to each of the two 
following conditions 



(4.2) 



16 



TONGHAI YANG 



when n is prime to f, or 

(4.3) x'^^Iq—^^- 

Here k = Y[f^p the quadratic character of the ideles associated to K/Q by 

the global class field theory, and = xl ll is the unitarization of viewed as 
an idele class character of K. In particular, f is divisible by every prime ideal of 
K which is ramified in K/ O. In this section, we consider the set E of characters 



(4.4) e : (O^/f)* f^i2 

satisfying (4.2) and that f is only divisible by ramified primes of K. For sim- 
plicity, we assume D > 4 so = {±1}- For e E E, we will determine the 
dimension and conductor of a CM abelian variety over K of type e. Write 

p\D 

then 

{OK/fr = ®p\D{Op/p'^r. 

Here p is the unique prime ideal of K above p. So a character e satisfying (4.4) 
is the same as a character 



(4.4') ^ = II'P U^l 

p\D p\D 



fJ'12 



with ep : O* — > //12. Here Kp = K ®Qp is the completion of K at the prime 
above p, and Op is the ring of integers in Kp. As remarked in [Ro2, Page 522], 
Xp^ = ^ on (9*, a fact we will use later. In particular, that e satisfies (4.2) is 
equivalent to that every ep satisfies 



(4.5) ep|z; = k. 



p. 



When p \ 6, {Op)* ^ (Cp/p)* x (1 + WpOp), and (Op/p)* = (Z/p)*, where Wp 
is uniformizer of Op. So there is a unique character ep : O* — > //12 satisfying 
(4.5), and it is trivial on 1 + zUpOp. We denote it by e°. Similarly, when p = 3, 
there is a unique character eg of Cg of order 2 and conductor index 1 satisfying 
(4.5). Here the conductor index of a character x of K* (or O*) is the smallest 
integer r > such that x\i+tu-^Op = 1- Since 1 + zu^Os is a cyclic pro-3-group, 
there are also two characters of O^ of order 6 and conductor index 2 satisfying 

(4.5) , given by eg0^^, where (ps is trivial on (C3/P3)* = {±1} and of order 3 on 
1 + zu^Os. So the set E3 of characters of O^ of order < 12 satisfying (4.5) is 

(4.6) Es = {e«0| : -1 < i < 1}. 
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The case p = 2 is a little more complicated and interesting. Let G = {z & 
K2 : zz = 1} be the norm one group, let 

Gr^ = {z = x + yV^ : y G 2"Z2, x-le 2"ciZ2} 

be subgroups of G forn > 0. Here d = D/A. Then G = Gq and [G„ : Gn+i] = 2. 
One has an exact sequence 

1 — >Z^ — — >Gi — >1. 

The last map is z z/z. 

When 8\D, 2\d, It is known ([Ro2, Proposition 4]) that K2 extends to two 
quadratic characters of O2 of conductor index 5. Since Gi is a cyclic pro-2- 
group, the set E2 of characters of O2 of order < 12 satisfying (4.5) is 

(4.7) E2 = {et,ef4>} = {44>' < ^ < 2}. 

Here (/> is a fixed character of Gi of order 4, trivial on G3, and (p{z) = (^{z/z). 
Since 

1 ^ (z/8)* {02/^lr G,/G3 1, 
all characters in E2 have conductor index 5. 

When 4||D, \/—d is a unit in O2 and W2 — 1 + y/—d is a uniformizer of i^2- 
In this case, Gi = {±1} x G2 and G2 is a cyclic pro-2-group. It is easy to check 
that {02/'co^)* is cyclic of order 4, generated hy 5 = -s/^. So 



(4.8) ef — > {02/wi)* — > V-d ^ ±i 

gives two extensions of K2 to Let be a fixed character of Gi of order 
4, trivial on {±1} x G4. Then the set E2 of characters of O2 of order < 12 
satisfying (4.5) is 

(4.9) E2 = {e^4>' :-l<i<2}. 

The characters e^0* have conductor indices 3, 5, and 7 respectively according 
to z = 0, 2, ±1. So we have the following proposition. 

Proposition 4.2. Assume D > 4. Let E be the set of characters of (O^/f)* 
of order < 12 satisfying (4.2) and that f is only divisible by primes dividing 
V^Ok- Then i^E = i^E2 • H^E^, where Ep is the set defined in (4.6), (4.7), 
or (4.9) when p\D and trivial otherwise. Moreover 

(1) When 3|-D, #-^3 = 3, one of which has conductor index 1, and the 
other two have conductor index 2. 
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(2) When 8\D, #£^2 = 4, all have conductor index 5. 

(3) When 4||D, #£^2 = 8, and their conductor indices are 3, 5, or 7. 

(4) Let e = Y[p\D^p ^ ^ ^'^^ X ^6 a Hecke character of K of type e. 
The the conductor of x is YlpiDP*^^ where Cp is the conductor index of Sp. One 
has Cp = 1 for p Q- 

(5) Let e & E, let x be a Hecke character of K of type e, and let A he a 
CM abelian variety over K associated with x- Then dim A = h unless A\D and 
€2 = ^2 4') where (p is a fixed character of Gi of order 4 given above. In such a 
case, 

h ifd=D/A= 1 mod 8, 
2h otherwise. 



dim A 



Proof. Every claim except (5) was proved above. We use Theorem 3.5 to verify 
(5) in the case 2|D, and leave the other cases to the reader. 

We first assume 8|D so that 2\\d. If e is quadratic, it is obvious by Theorem 
3.5. If €2 = ef is quadratic, and 63 = €303 e is of order 6 as in (4.6). Let 
as = ^ e K* be such that 3q;§ is prime to D and that P is prime to 3. Then 

ei3al) = U^al)et{3)el{-3/D) J] ^(3) 

p|D,pt6 

= 03(3al)(-3/L', -D)s J](3, -D)p 
= 03(3«1) ll{3,-D)p{-l,-D)s 

p<oo 

= -03 (3a^) 

generates Im(e). So Theorem 3.5(3) implies that dim A = h. When 62 = is 
of order 4, let a2 = such that 2q;| is prime to D and P is prime to 2. Then 

e(2a2) = ±62(2^2) JJ ep{2al) 

2^p\D 

= ±K2{-2/d) J] e^{2al) 

2^p\D 

is of order 2 or 6. So Theorem 3.5 asserts that dim A = 2h. 

Finally, assume 4\\D, let a = ^'^^^ (3 e K* be such that 2al = + 
is prime to D and P is prime to 2. For 62 = €2 4^ with —1 < j < 2. 
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Then 



2^p\D 



is of order 4 or 12 if and only if (j>'{g) = ±1. Here 



9 = 




e G2. 



When J = or 2, one has always (p-' (g) = ±1. When j = ±1, (p^g) = ±1 if and 
only if G Gs, which is in turn equivalent to d = 1 mod 8. This finishes the 
proof. 

Corollary 4.3. Assum,e D > 4. Let the notation be as in Proposition 4-2. Let 
Esim be the subset of characters e in E such that a CM abelian variety A over 
K of type e has dimension h and the smallest conductor. Then 



In particular, H^Esim = 1 or 2 depending on whether D is odd or even. 

Proof of Theorem 0.2 We may assume D > 4. By Remark 1.2, a simple 
CM abelian variety A over K is up to isogeny one-to-one correspondence to the 
set {x"^ '■ c e Aut(C/i^)}, where x is a Hecke character of K associated to {A, i) 
of CM type (T, $) for some embedding i and some type (T, Here we require 
all the associated Hecke characters of K to be of infinite type { id }. When D 
is odd or divisible by 8, e is quadratic, and 

{x'^ : c e Aut(C/K)} = {x0 : is an ideal class character of K} 

is uniquely determined by e. So Theorem 0.2 follows from Corollary 4.3. Assume 
now that 4\\D and D > 4, and let L = K{i). Fix p' e Aut(C/i^) such that 
p'{i) = —i, and an ideal class character cf)' of K such that (f>'{p2) = —1 for 
the prime ideal p2 above 2. Fix an character e in Corollary 4.3 and a Hecke 
character xo of K of type e. Then the other character in Corollary 4.3 is e~^, 
and x'o = Xo of type e~^. The Hecke characters of K satisfying (0.2) such 
that its associated abelian varieties have the smallest conductor and dimension 
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are of type e^-*^ by Corollary 4.3 and are given by 
{Xo4'i Xo4' • is an ideal class character of K} 

= {Xo<^7 Xo(p '■ </> is an ideal class character of K such that (j){p2) — 1} 

|^{Xo</'V; Xo4''4' '■ (/> is an ideal class character of K such that 0(p2) = 1} 
= {X^ a e Aut(C/K)}|J{(xo0O" : ^ e Aut(C/K)}. 
Here we used the fact that 

{x4> '■ (/> is an ideal class character of K such that (f){p2) = 1} 
= {X" : ^7 e Aut(C/L)}. 

Therefore, there are exactly two CM abelian varieties over K of dimension h, 
up to isogeny, which descend to Q and have the smallest conductor. 

From the proof, it is clear that the isogeny class of the CM abelian varieties 
A are not determined by e when the image of e is not in K. 

5. Root number. 

Let X be a simplest Hecke character of K of type e, given by Corollary 4.3. 
The condition (0.2) implies W{x) = ±1. It is known ([Ro3]) that 



(5.0) W{x) = 



e(l + y/-D/4) ii8\\D. 



We may thus assume that A\\D and D > A. Let p2 be the prime ideal of K above 
2, d= D/A, and ckq = 1 + V—d. Then e can be viewed as 

(5.1) e = £26° : {Ok/pIV^Y = {Ok/pI)* x (o^/V^)* fi^ 

Here 62 is trivial on {O k / V —d)* but gives an isomorphism [Ok/Pi]* — /^4, 
while e° is trivial on {Ok/pI)* and is (^) on (Ok/v/^)* = (Z/d)*. 

Proposition 5.1. Let t/ie notation be as above, and let x be a simplest Hecke 
character of K — Q{\/—D) of type e. Then 

x{ao'p2) = W{x){l - e2(v^))ao 



Proof. For the proof, we follow [Ro2] closely. Let n = Yip f^p and x^"' = x\ 
Yip Xp"' be as in as in Section 4. Then 

(5.1ite) x""Iqi = «, and xT\o; = S ' for p\D. 
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Here we write e = JlpiD^p Corollary 4.3. Let •i/' = HV'p be a nontrivial 

additive character of Qa and let = V'^-^k/q- Then Rohrlich proved in [Ro2] 
that the relative local root number 

is independent of the choice of •0. Here W{xp:'^Kp) and W{Kp,'ipp) are local 
root numbers. Since the global root number of k is one, we have then 

(5.2) W{x)= n W{Kp,Xp)- 

p<oo 



By [Ro2, Propositions 8, 11, and 12], one has 
(5.3) W^(ACp,Xp) = | 



1 ifp\D, 
Kp{2) a 2^ p\D. 



So 



(5.4) Wix)= n «p(2)W^(«2,X2) = «2(2)W^(«2,X2). 

2^p\D 

On the other hand, since 0:9^^2 is prime to DOk, one has 

x(ao ^P2) = n ^p("o ^) 

p\Doo 

= n ^p("o) 

p\Doo 

= X2(ao)ao ^• 

Combining this with (5.4) and the following lemma, one proves the proposition. 
Lemma 5.2. Let the notation be as above. Then 

X2(l + V-d) 



Proof. We first remark that X2iV—d) = e2(V—d)~^ = —e2{V—d) by (5.1). We 
recall a general way to compute local root numbers. Let be a non-archimedean 
local field with ring of integers Op and a uniformizer zj. Let 6* be a unitary 
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character of F* of conductor index r and let ipp he a nontrivial additive char- 
acter of F of conductor index n = n{'iljF), i-e., the smaUest integer n such that 
'iplzu^Op = 1- Then 

(5.5) w{9,4>F)^b-^e-\p) [ e-\x)ijF{xP)dx 

where /? e w-^+^C»> and b = \w\^VoI{Of, dx). Now choose ^2 : Q2 — > C* via 
'ip2{x) = e^^*'^2(a:) -^j^gj-g \^ [g ^]^g canonical map 

A2 : Q2 ^ Q2/Z2 ^ Q/Z- 
Then a simple calculation gives 







ii4:\\D, 


(5.6) W^(«2,V'2) = | 


^«2(2) 


ii8\\D and K2(-1) = -1, 




I «2(2) 


if 8||i:> and K2(-1) = 1- 


As for VF(x2,'0K2); one has 


xTia) = 


X2('^) 2 5 particular, X2"('^o) 



X2(ao)/v^- Since the conductor index of X2 and ipK2 3 and —2 respectively, 
and Q!o is a uniformizer of K2, we may take /3 = cto/S in (5.5) and have 

= voi&i)^^^("°/^)'^ xri^-')^KM)d. 
= -^«2(2)xrK)-^ E xTiay'M^)- 

Since (O2/PI)* = {±1, ±\/^}, one has 

.,1 + xri^) 



V2 

1+X2(V^) 
X2(l + V^)' 



6. The central L-value. 

The purpose of this section is to prove the following theorem. 
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Theorem 6.1. Let x be a simplest Hecke character of K = Q{-\/—D). Then 
the central L-value L(l, x) ^ Q if and only if W{x) = 1- 

The case where D is odd or divisible by 8 was proved by Montgomery and 
Rohrlich ([MR]) in 1982. We will use the same method to settle the case 
and D > 4. The case D = A \s well-known. We assume again in this section 
4||L>. One complication is that the two family {x" ■ cr G C/K)} and {x(p '■ 
(j) is an ideal class character of K} are not the same in our case. Let L = K{i) 
and fix p' G AvX{C/K)} such that p'{i) = —i. If x is of type e where e = €26° is 
given by (5.1), then x' = is of type = e^^e°. For each ideal class C of 
K, let 

(6.1) Lis,C,x)= E x(a)(iVa)-^ 

aec, integral 

be the partial L-function, and denote 

(6.2) L{s, C, x) = L{s, C, x) + L{s, C, x')- 

We also write [a] for the ideal class of K containing the ideal a. Since 

{x'^ '■ cr G Aut(C/L)} = {x(t> ■ is an ideal class character of K with (/>([p2]) = 1}, 

one has by the same argument as in [Ro3, Page 226] 

Lemma 6.2. Let the notation be as above. Then the following are equivalent. 

(1) The central L-value L{1, x) = 0, 

(2) The partial central L-values L{l,C,x) + -^(l, C'[p2], x) — for every 
ideal class C of K. 

(3) The partial central L-values L{l,C,x) + L{l,C[p2],x) = for every 
ideal class C of K. 

Following [MR], we recall that the theta function 

^ » 27r rt 

(6.3) ^(t) = /i + 2 2J a(^)e ^ 

n>l 

is strictly increasing for t > and satisfies the simple functional equation 

(6.4) e{l/t) = t6{t). 

Here a{n) is the number of integral ideals of K with norm n. Recall also that 
the Eisenstein series 

(6.5) G{z,s)= (^\{mDz + n)\mDz + n\-'^' 

n>0,meZ V ^ / 
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has analytic continuation for all s e C and z in the upper half plane, and 

G{z,\) = /i + 2 J] a(n)e2™^ 

n>l 

In particular, 



(6.6) 



It is convenient to denote 



Gq^^{z,s) = G{z,s)-G{2z,s)= ^ (^-^^{mDz^n)\mDz^n 



-Is 



In particular, 
(6.7) 



mOdd,n>0 



Since we can switch between x and we may and will assume that e-iiyj —d) = 



I. 



Lemma 6.2. Let e = 626° with 62 (a/^) = i. 

(1) When (5 — m\J —d + n is prime to DOk, m^n G Z, one has 

(^) ifm = mod 4, 

-(^) if m = 2 mod 4, 

ifn^OmodA, 
^ -i{^){-d) if 2 mod 4. 



<P) = { 



(2) When (3 — ao{a + ^^ ) £ ^ prime to DOk, where ckq 
1 + \/—d, a,b & Z, one has 



-D 



2a+b 



if a = mod 2, 



^(2^) ifa = lmod2. 



Proof. (1) follows from definition easily. For example, if m = 2 mod 4, then 
P = n — m + mao = n — m mod ^ind thus 



-D 



n 
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(2) Notice that 



1 + I — - 
p = a -\ — + ay —a. 



When a = mod 4, one has 



-1 \ /a+i±^^6 



2\ f2a + b\ I -1 



dj \ d J \^a + 
(2^) (^) if ^ 1 mod 8 

-D 



2a + 6 



The case a = 2 mod 4 is similar. When a is odd, and d=l mod 8, 
a + = a + 6 mod 4, and so 



ifa + ?'^0mod4, 
ifa + 6^2mod4 

-1 \ / 



= I 



2a + bJ \2a + b 
-D 



2a + b^ 

The case when a is odd and d = 5 mod 8 is similar. 
Lemma 6.3. One has 



(6.8) Lis, [OkIx) = 4G'(-^, .) - 2G(-^, 



and 



(6.9) L{s, [P2], X) = 2^W^(x)G^jj(^, «). 
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Proof. Since D > 4, 0%; = {±1}, one has by Lemma 6.2(1) 

L{s, [Ok],x) - E (xioiOK) + x'iocOKmNa)-' 



E 



m=0(4),n>0 



-D 



n 



{mV—d + n) \mV—d + n\ 



-2s 



E 



m=2(4),n>0 



-D 



n 



{my/—d + n)\my/—d + n\ 



-2s 



2i i 



This proves (6.8). On the other hand, a G [p2] is integral and prime to DOk 
if and only if a = /Jckq ^p2 with /? e Q:op2^"'^ prime to DOk- In such a case, 
Proposition 5.1 gives 

X(a) = e(/3)/3x(ao ^P2) 

= W^(x)(l-e2(^))ao'K/5)/5- 

One also has W{x) = W{x') by Proposition 5.1. So 



X(a) + x'(a) = W{x)ao'P [e(/3)(l - e^iV^)) + e{P)-\l + e^i^ 

e{l3) ife(/3) = ±l. 



^)) 



W^(x)2«o'/5 



-e(/3)e2(v^) ife(/3) = ±z. 



= M.(x)(2a + 6-6V=^)(^), 

if /3 = Q;o(a + fe^— ^-^) £ Oi2p2^ as in Lemma 6.2, and e2(-\/— rf) = i (our 
assumption). So 

^(^,[P2],X)= E (x(a) + x'(a))(iVa)-^ 
oe[p2], integral 



= Wix)2 



s-l 



6odd,oez 



\2a + b 



{2a + b- bV-d)\2a + b- bV-d\ 



-2s 
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Substituting n = 2a + b and m = n, one gets 



-2s 



L{s,[p2],x) = W{x)2'-' J2 (^^) (n-m^)ln-mV^I 

m,n odd 



Proof of Theorem 6.1. Now it is easy to verify Theorem 6.1. Indeed, 
Lemma 6.3 gives 

L(l,[0^],x)+L(l,[p2],x) 

m2)-2e{i)) + 2W{x)^(e{h-e{i) 



{i + w{x))(eih-e{i)]. 



bmce 9(1) - 9(1) > 0, Lemma 6.2 gives Theorem 6.1. 
7. The Central Derivative. 



(7.1) A(.,x)= r(.)L(.,x), 



Let X be a simplest Hecke character of K — Q(\/— D) of conductor f, and let 
where 

{D if2]D, 
V2D ifA\\D, 
2D if Sip. 

Then A(s, x) has analytic continuation to the whole complex s-plane, and sat- 
isfies the functional equation 

(7.3) A(s,x) = W-(x)A(2-s,x). 



Here W{x) = ±1 is the root number of x- In section 6, we proved that A(l, x) 7^ 
if and only if VF(x) = 1. In this section, we prove 
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Theorem 7.1. Let x be a simplest Hecke character of K. Then A'(l,x) ^ if 
and only ifW{x) = ~1- 

Proof. The case where D is odd or divisible by 8 was proved by S. MiUer and the 
author ([MY]). We wiU settle the case 4:\\D and D > 4 the same way. The case 
D = 4 does not occur here. One direction is trivial by the functional equation. 
Now assume W{x) — —1- For simplicity, set 



(7.4) L{s) = L{s,[Ok],x)+L{s,[P2],x), A{s) = i — ] T{s)L{s). 



The same argument as in the proof of [MY, Lemma 2.1] gives 

Lemma 7.2. When W{x) = -1 and A'(l) 0, one has A'(l, x) 0. 

So to prove the theorem, it suffices to show A'(l) ^ when W{x) = —1- By 
Cauchy's theorem and (7.5), one has 




Then 



(7.5) 



Ms) = W{x)A{2 - s) 



A(2-s). 




2+v 



(7.6) 



The same calculation as in the proof of Lemma 6.3 gives 



L{s,[Ok],x) 



tieven ,uodd 




— s 



So 



(7.7) 




with 



(7.8) 






u^+v^d=n 

u>o, odd,v>o, even 
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Similarly, Lemma 6.3(2) gives 

(7.9) = - Y.^{n){n/2)-% 

n>0 

with 

(7.10) b{n)= Yl 



M>0,-(;>0,odd 



Following [MY, pages 265-266], let 

(7.n) ,(.).£(^4/;.-.| 

be the inverse Mellin transform of t^-^tw, then 
(7.12) ^A'(l) = i? + Ci -C2 



4 



where 



n>0 



n J B 

2tti 
~B 



n>0 



B 

n>0 

[MY, (2.12)] asserts that the main term is 

(7.13) R > .5235S - .84585^ - .39515^ . 

The same argument as in [MY, Section 4] gives the trivial upper bounds for Ci 
and C2 as follows: 



1 B 
(7.14) < ^ X 0.0001383 x — a; 2.789 x lO'^S 
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and 

\C2\ < > V e \ue b 
t;>o,odd ">o 

(7.15) < ^ X 0.3293220848^ .08505. 

^ ' - 7r2 27r 



Combining (7.12) — 7.15), one has 



-A'(l) > .43855 - .84585^ - .39515^ > 



when B = y/2D > A2^/2. This leaves one exception D = [D — A does not 
occur here). A simple numerical calculation shows A'(l) > in this case too. 
Now Theorem 7.1 follows from Lemma 7.2. 

We remark that a little more work as in [MY] and [LX] would show that 
the beautiful formula (0.5) also holds for 'small' quadratic twists of the sim- 
plest Hecke characters. Similar results should also hold for odd powers of these 
characters. 
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